This paper deals with the optimal control problem in the giving up smoking model of fractional order. For the eradication of smoking in a community, we introduce three control variables in the form of education campaign, anti-smoking gum, and anti-nicotive drugs/medicine in the proposed fractional order model. We discuss the necessary conditions for the optimality of a general fractional optimal control problem whose fractional derivative is described in the Caputo sense. In order to do this, we minimize the number of potential and occasional smokers and maximize the number of ex-smokers. We use Pontryagin's maximum principle to characterize the optimal levels of the three controls. The resulting optimality system is solved numerically by MATLAB.
Introduction
Most infectious diseases could be driven towards eradication if adequate and timely steps like vaccination, treatment, educational and enlightenment campaign, etc are taken in the course of the epidemic. However, many of these diseases eventually become endemic in our society due to lack of adequate policies and timely interventions to mitigate the spread of the diseases. Consequently, there is the need for proactive steps towards controlling the spread of infectious diseases, particularly those ones for which both vaccine and cure are available. Moreover, it is often cheaper to prevent the occurrence of a disease than to cure it. Optimal control and ramifications have found applications in many different fields, including aerospace, process control, robotics, bio-engineering, economics, finance and management sciences. Before the arrival of digital computers in the 1950s, only fairly simple optimal control problems could be solved. The arrival of digital computers has enabled the application of optimal control theory and methods to many complex problems. The study of epidemic models is strongly related to the possibility of evaluation of different control strategies: screening and educational campaigns [1] , the vaccination campaign [2] , and the resource allocation [3] .
Smoking is the biggest cause of both preventable and premature deaths throughout the world and therefore special attention is required to control it. Smoking-related diseases are cause of over 440 000 deaths in the US annually and for the UK this figure stands over 105 000 annually. The life expectancy of the smoker is cut short by 10 -12 years and more than half of all smokers die from smoking-related diseases [4] . Comparative smoking facts show that the risk of heart attack is 70% higher among smokers than non-smokers. The incidence of lung cancer is ten times greater in smokers than non-smokers and one out of ten of people that smoke will die from this disease. Some 80% of smokers will at one time be diagnosed with heart disease, emphysema or chronic bronchitis of the diseases attributable to the tobacco habit, 29% are from lung cancer, and 24% are caused by heart disease [5] . Without these health diseases cancers have also been linked to smoking, including cancer of the throat, mouth, stomach, cervix, breast, and pancreas. All this is small wonder as cigarette smoke has been found to contain over 4000 chemical compounds and toxins, all with very harmful components to human health. Moreover, the financial burden imposed by cigarette smoking is enormous. Smoking-related illness in the United States costs 96 billion each year in medical costs and 97 billion in lost productivity due to premature mortality [6] and the human toll on survivors and caregivers of individuals affected by tobacco-related illness is incalculable. In addition, there is a growing concern about new tobacco products being marketed to smokers and non-smokers as alternatives for use in smokefree environments. Dual use of cigarettes and smokeless tobacco can sustain tobacco addiction, encouraging continued tobacco use among smokers who might quit. Consumer miss perceptions regarding the safety of the use of these products, independently and concurrently with smoking pose an ongoing challenge to tobacco prevention and control efforts.
Several authors did a lot of work in order to understand the dynamics of smoking. In 2000, CastilloGarsow et al. [7] for the first time proposed a simple giving up smoking mathematical model. In that work they considered a system with a total constant population which is divided into three subclasses. Zaman [8] extended the work of Castillo-Garsow et al. [7] and developed a model taking into account the occasional smokers compartment in the giving up smoking model and presented its qualitative behaviour. But all these work has been done for the integer-order differential equations.
In the present days researchers try to work on fractional-order differential equations because of best presentation and applications of many phenomena. Differential equations of fractional order have been the focus of many studies due to their frequent appearance in different applications ie fluid mechanics, biology, physics, Epidemiology, and engineering. Recently, a large amount of literatures are developed concerning the application of fractional differential equations in nonlinear dynamics (see for example [9 -15] ). The differential equations with fractional order have recently proved to be valuable tools to the modelling of many real world problems. This is because of the fact that the realistic modelling of a physical phenomenon does not depend only on the instant time, but also on the history of the previous time which can also be successfully achieved by using fractional calculus. The reason of using fractional-order differential equations is that fractional-order derivatives are naturally related to systems with memory which exist in most biological systems. They are also closely related to fractals which are abundant in biological systems. For this purpose Erturk et al. [16] introduced fractional order to the giving up smoking model and find the analytic approximate solution using a multi-step differential transform method. The model presented by Erturk et al. [16] is given by
Here µ is the natural death rate, γ is the recover rate from infection, β is the transmission coefficient, δ is the quit rate of smoking, d 1 , d 2 , d 3 , and d 4 represent the death rate for potential smokers, occasional smoker, smoker, and ex-smoker related to smoking disease, respectively. Additionally, the rate at which the ex-smoker in the population becomes potential smoker again is presented by τ.
The total population is given by
By the conservation law, we have
with
Most programs that attempt to reduce smoking in young people focus on prevention of smoking initiation. However, effective smoking cessation programs designed to address the unique needs of young people who are already using tobacco are rare. It has been recommended that cessation programs educate youth about tobacco as well as help them become and stay motivated to quit. In order to control the spread of smoking in a community, we develop an optimal control strategy in this paper. We introduce three functions in the form of education campaign, anti-smoking gum, and anti-nicotine drug/medicine. Our goal in this work is to minimize the number of potential and smoking individuals and maximize the number of ex-smoker by applying these three control variables. To do this, first we adjust the control functions in the fractional-order smoking model. Then we derived the optimality conditions for the fractionalorder model. Finally, we show parameters estimation and represent numerical simulations.
The paper is organized as follows: In Section 2, we give some basic definitions and formulation of the model. In Section 3, we derive an optimal control problem. Parameters estimation and numerical results are discussed in Section 4. Finally, we give a conclusion in Section 5.
Fractional Control Theory with Preliminaries
In this section, we present the fractional optimal control theory and give some basic definitions which are necessary for the subsequent sections. In 2004, a general formulation was presented for fractional optimal control problem (FOCP) by Agrawal [13] :
and right-sided Caputo fractional derivative of f (t) is defined as
where α is the order of the derivative such that n − 1 < α < n.
and right-sided Riemann-Liouville fractional derivative of f (t) is defined as
Consider the following fractional differential system (FDS):
where 0 < α < 1, X(t) is a n-dimensional state vector, u(t) is a m-dimensional control vector, and f is a n-dimensional vector-valued function with t ∈ [0,t f ].
Here t f > 0 is the terminal time of the control process. Suppose that the performance index is given by
where t f is fixed and X(t f ) is free. The fractional optimal control process is to find the optimal control law u(t) for the FDS (8) that minimizes the performance index (9). For α = 1, the mentioned problem reduces to the standard optimal control problem.
Proposition 1. The necessary condition for the optimality of FDS (8) is given by
In the next section, we will use this theory to develop an optimal control strategy in the fractionalorder giving up smoking model.
Control Strategy in Fractional-Order Model
In this section, we apply the optimal control strategy to system (1) in fractional order. To control the spread of smoking in the community, we use three control variables. These three control variables represent education campaign u 1 (t), anti-smoking gum u 2 (t), and anti-nicotive drug/medicine u 3 (t). The control variables satisfy the conditions u 1 , u 3 ∈ [0, 1] and u 2 ∈ [0, 0.9] with u 1 (t) ≤ u 2 (t) ≤ u 3 (t). The new system with optimal control is
where C 0 D α t is the Caputo fractional derivative of α-
We can write system (11) in vector form by
where
(t), L(t), S(t), Q(t)
is the state vector and u T (t) = u 1 (t), u 2 (t), u 3 (t) is the control vector. Our goal in this optimal control problem is to minimize the number of potential and smoking individuals and maximize the number of ex-smoking individuals by applying the above three control variables. To do this, we construct the following objective functional:
Here t f is the final time, A i for i = 1, 2, 3, 4 and r i for i = 1, 2, 3 are positive weights parameters to balance the control factors. We can write the objective functional in the following form:
Applying the result of (7), we can obtain the necessary conditions for the optimality system (8):
By considering the terminal time, we can write
The objective functional can be written as
We use Pontryagin's maximum principle to find the adjoint system
From the optimality conditions, we can find the optimal control variables
Numerical Simulations
In this section, we present some numerical simulations that illustrate the theoretical results derived in the previous section. To achieve this, a program is developed in MATLAB to integrate the optimality system and the output was comprehensively verified using a detailed output from a number of runs. In our control problem, we obtain the optimality system from the state and adjoint equations. The optimal control problem strategy is obtained by solving the optimal system, which consists of eight ordinary differential equations and boundary conditions. Our choice of numerical method is a forward time/backward space finite difference method. Starting with an initial guess for the adjoint variables, the state equations are solved by a forward time and backward space finite difference method. The key is to replace the system (12) by the following equivalent fractional integral equation:
and then apply the generalized Adams-type predictorcorrector method [5, 6] . Then those state values are used to solve the adjoint equations by a backward time and forward space finite difference method, because of the transversality conditions. The system (13) becomes equivalent to the following fractional integral equation:
We use a steepest-method to generate a successive approximation of the optimal control form, then continue the iterations until the convergence is achieved. in Table 1 with initial values P(0) = 153, L(0) = 68, S(0) = 79, and Q(0) = 55.
In Figure 1 , we plotted the potential smokers in the two systems (1) and (11) . The solid line denotes the population of potential smokers in system (1) without control while the dash-dotted line denotes the population of potential smokers in system (11) with control. The population of potential smokers is 153. Figure 2 represents the occasional smokers in the two systems (1) and (11) . The number of occasional smokers is 68. The solid line denotes that there are more occasional smokers when the control (treatment) is not implemented to the system. Figure 3 represents the smoking population in the two systems (1) without control and (11) with control. The solid line denotes that there are more smokers when the control (treatment) is not implemented to the smoking population. The number of ex-smoker is 79. Figure 4 represents the number of ex-smokers in both systems. Their number is 55. The dash-dotted line denotes that there are more non-smokers when the control (treatment) is implemented to the smoking population. Figure 5 represents the control functions u 1 , u 2 , u 3 .
Conclusion
In this paper, we applied the optimal control strategies in the giving up smoking model. In order to control the smoking in a community, we introduced three control variables: education campaign, anti-smoking gum, and anti-nicotive drugs/medicine. The optimality condition from the optimal control problem are derived. We minimized the number of potential and occasional smokers, and we maximized the number of ex-smokers.
